
- ,, •. _ •• ,1., 

..,,,. 

m INTRODUCTION 

·Fourier - Se 
. Half Range Fouri · 

• 

f Fouricr series is an expansion of a periodic (Simple oscillating) functionf(x) in ie 
· an infinite sum of Sines and C?sm ~uner senes a so m . e use_ o . the onhogonaJj . . ~ F . . I ak f ., llns of 

relationships of the sine and cosme ct1ons. Half ~ge Fo~er ~en~s 1s a Fourier sen! 
defined on an inten-al instead of ~e more common, with the 1IDphcat10~ that the anaf}'Zed 
function should be ex1ended to as e1the~ an ~ven (f~-x) = f(x)) or ?dd functio~ (/{-.x) ::;-.l{x)). 
This allows the e:\-pansion of the funcnon m a sen es solely of Smes or Cosmes. ,. , ·· 

- FOURIER SERIES 

Here we "ill express a non-sinusoidal p~odic function into a fundamental and its haim~nics. 
A series of sines and cosines of an angle and its multiples of the fonn: 

~ -r a1 cos x + a, cos 2r + a3 cos 3x + ... + a cos nx + 2 - . n 

+ b1 sin x + b2 sin 2x + b3 sin;3x :_ :;·:. :\ 

a - -
= ; + I.a. cosnx+ Lb. sinnx. 

n=I n=I 

is calle.d the Fourier series, where a0, al' a2, •• • an, ... bl' b
2

, b
3 

. :. bn ... are cons~ts." • 

A periodic function f{x) can be expanded in a Fourier Series. The series consists of the foll~wing: • 
(1) A constants term a0 ( called d.c. component in electrical work). · · , 
(ii) A compon..."11.t at the fundamental frequency determined by the values ~f al' b

1
• '. • 

(iii) Components of the harmonics (multiples of the fundamental frequency) determined by 
'1z, a? ... b2, b3 .... And a"' al' a2 ••• , b1, b2 ••• are known as Fourier coefficient~ or 
Founer constants. · · 

Nore. (I ) When the function and its derivatives are continuous' then the function can be 
expanded in powers of x by M~laurin 's theorem. -..,_ ·, • · 

(2) But by Fouritr series we can expand continuous and discontinuous both.types of 
functions under ctrtain conditions. m PERIODIC FUNCTIONS 

ff _the value of ~ac? ,0 rdinatt: f(!) repeats itself at equal intervals in the abscissa, then/(1 is 
. said to be a penod1 c fun ction. · • 

If f (t) = f(t + T) =JU + 2T) "' .. . th c:n Tis called th~ period of the function/(/), , 

• vu11ti1 - -i1::11tis Mall Kange Fourier Sine and Cosine Series ❖❖ 

for example: . . . 
The period of sm x, cos x, sec x, and cosec x is 2it. 
The period of tan x and cot .x is n. 
sin x "" sin (x .+ 21t) = sin (x + 4n) == • • • so sin x 1s a periodic function with the period 2it. 

sin 5x "' sin (Sx + 2it) = sin s(x + 21t) Period= 2it 
5 ' 5 

cos .x - cos x 1t = cos 3 x +- , Penod = -3. _ (3 + 2 ) ( 2it) . 2it 
. , ' J 3 

cos tmu = cos ( 
2

rrr..x + 2it) = cos 2mt (x + ~iik) · 
, k k k 2mt · 

2mt( k) . k = cos- x+- ~Penod=- . 
k n n 

1 •• 

tan 2x = tan ( 2x+ 1t) = tan 2(x+ ~), ~ 
. · 2 2 

This is .also called sinusoidal periodfc function. 

f(I) 

1 

-t 

m DIRICHLET'S CONDITIONS FOR A FOURIER SERIES 

If the functionf(x) for the interval (-it, it) 
(1) is single-valued · 
(2) is bounded · . . . . 
(3) has at most a finite numb~r o~ ~ and lll.IIlPllll 

(4) has only a finite number of discontmu?us then 
(S) isf(x + 21t) = f(x) for values ofx outside [-it, 1t]. 

p • 

, Sp(x)~ ao + 1:0~ cosm+ I,b. sinm 
2 ir- l . 1r-l · 

. hf{ ) • otinuous and the sum of 
/( ) p co at values of x for whic x JS co Converges to x as ) -+ . . . . . · 

· l [ • ( ·) f ( -0 )} at points of discontmwty. the series is equal to 2 f x+O + x . . · · 

. m ADVANTAGES OF FOURIER SERIES . . Although derivatives of the 
. . b ented by Founer senes. . , , 

1. Discontinuous function can e repres . . t true for Taylor's senes). 
discontinu~us function do not exiSt (This 15 no ·ow functions since outside the closed 

· · ding the pen c · 
2. The Fourier series is usefu~ m. expan ion of the function. · 

intervals, there exists a_ penodic ex tens . . · 
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•,•••· Intro · . ies gives all 

. oscillating function by Fourier ser . _modes ofo . . 
3 Expansion of an . ' ) 1 •ch is extremely useful tn physics, 8.CJllar . . I nd all overtones w 11 I , . 'Oii 

(fundamenta a . . fiunction is not uniform y convergent at all .· . · of a discontinuous • · I Poi 
4. Fourier series . . fa convergent Fourier.series is a ways Valid and . ri~. : 

1' by tenn mtegrat1on o . .b tenn diffi . ' 11 ni . 
5. epnl'd "fthe series is not convergen~. However, tenn ~ . ' ·erentiation ofa}l aY.~ 

WI I . ~ -
series is not valid in most cases. 'et 

ID USEFUL INTEGRALS . . . , .. 
The following integrals are useful m Founer Seri~s. 

(i) f • sin ,n: dr = 0 (ii) 
211 • 

f cosnx dx= O Jo . . 

(iii) f :• sin2 
nx dx = 1t 

r2• 2 
(iv) Jo cos nx dx = n 

(vii) f:•sinnx -cosnzxdx=O 
2n · • 

(viii) .J, sin_nx· cosnx dx = o 
0 , - • ... , , 

(b:) [uv] 1 = uv1 - u'v2 = u"v3 - u"'v4 + ... 

d d 2 . ' • ~ 
where "1 = f V dx, "2 =f vi dx and so on u' = ; . ,,u !' = ' dx~ and so on and '(x) ~i~~;: ~== o;, ~ 
cos 1m = (-IY where n e / ; · ··" 

m DETERMINATION_ OF FOURIER co~F~ICIENTs ·,EULER'S FORM~r~e~-•,'. 

' ' 

ft f(x)dx = i r dx+a1f:" COS X dx+a2r COS
1

2X dx+ ... +·an(~c~~ -nx ,dx-i-A.•~; i'. 

+ ~fa2" sin x dx+b2J.
2
"sin 2x dx+ ... +b r2

• sin ~x -dx+ '.·.~,- . •. 
o n Jo · • _, 

a0 J.2• =- dx 
' 2 0 

J.
2. a 

0 f(x)dx= ; 21t ⇒ 

. ; 'l 

(ot~er i~tegrals = 0 by fopnuhle (~) and (iz) of·A~ 10.6) 
. ' . . . ,: ;: /~; ~ },., , 

Uo =;f02n f(x).dx ' · ; ;._ '·,.:.\ 2) .1 

(iz), To find a · Multi I h ·d . ' .. · · 
n' P Y eac 61 e of (I) by cos nx and integrate from x = 0 to x = 2it. • 

' . ., 
211 .. ,. f • \ f, I (x) cosnx dx = 0 0 r2n . r2• 2. 0 

2 Jo cosnxdx+a,Jo cosxcosnxdx+ ... +anfo cos2 nxdx ... _. 

, . b 12• . . 2• . . 

+ , sm x cosnx dx+b r sin2x cosnx c/x+ ... 
o 2J0 -" .. , 

Fourier- Series Half Range Fourier Sine and Cosine Series ❖❖ 

r2
• 2 

= a.Jo cos nx dx = a.1t (Other integrals= 0, by formulae Art. l0.6) 

a. =;J" f(x)_co~.nxdx .. . (3) 

BY taking n = I, 2 ... ~e can fin~ the values of a
1
, a

2 
.... _ 

(iii) 'fo fin~ b n: Multiply each side of (1) by sin nx and integrate from x =. 0, to x - 21t. 

J:" J(x) sinnx dx= ~ f:"sinnx r1x+a,rcos ·xsin~dx+ ... +an'f co~nx sinnxdx+ 

. ...+~,J:" sin xs,nnxdx+ ... +b,.J:"sin2 ~~+ ... . 
f2"' = bn Jo sin2 nx dx 

= bn1t 

1 21< . 

. b~ __ = ~ Jo f(x) s'.n nx ~~ 

(All other integrals = 0, Article No. 10.5) 

. ' 'l \ ~ 
\ ( (J\ /'. 

6-t? ,-tr>~ . ... (4) 

Note: To get similar fonnula of Go, ½ has been written with ao in Fourier series. 

~ a:m11 · Find the Fourie~·s~ries representi~~ V mv,1 •. -- j · . 

- ., ( f(x)=x, 0<x<2n . . · 

and sketch i~s g;~rphfro~. x.'= -4;. ~ox =_4i." ,.., . } . 4 

s~;ution.' ~e;f(x) = 00 
-~' a, cos ·x + a2 cos~/ : .... ~ q, ~n X + h2 s~ 2x ~ ... 

. _. . .; ~-- . . . 

~~~n~e · t._, a
0 
= i.t f(x) dt = ..!.. f x ~ = _!..[x

2 

]

2

" = Z1t 
. J 1t , 0 7t . 7t 2 ~ - -~ 

... (I) 

.. ,. , • 

· b O in (I), we get Substituting th,c values of a0, a., a2 ... , 11 2 .. • 

, [ I I . ] f (x) =.1t- 2 sinx + 2sin 2x+ 3sm3x + ... 
• I 

Ans. 
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putting x = -n, (2) becomes -1t +n1 = 1t
2 

+4[ 1+..!..+2-+..!..+ ] 
- 3 22 32 42 ... 

. .. (4) 

Adding (3) a~d ( 4 ), 

Ans. 

r, 

I 

·I 
= (-1)" [1+~-l+~J= (-,1)" (1t)= (-~• 

n21t 2 2 n·n . n 

a =-1 / I • 

0/ 

1 
a 2 = 4 ----
. 1 
a3 = -9, 



I 
l 

...). 

1 

.. , 

, ' '\ 

ls• b. =; _J(x)sinmd,· 
j' 

= .!.J' (.x+ -'"
2 

)sinm dr 7t -• 4 . '. :. ... .. . --.. 

l 1• . . 1 l,-;:2 . =- .,_·sm12.nfr+'- -sinnx d,, 
. rr..... . rr-•4 · .• 
Even function Odd fimctio 
2 • . ' 

= - f x sin n x dr + O ,rJo 

~ ;[ x(- '°:,"' )-(I l(-si::") J 
\ 0 

-- -rr-+-_ 2[ cosnn sin,m] 
7t II , 112 

2 
b =- b - l b 2 \ 1 I 1' 2--:, _3=-, h4=--

Hence Fourier · f . · 3 -,· · · ·.2 
' senes o the given function. 

f(x) == ~ + t:O. cosnx+ ~). sinnx 
n=l n=-I 

7t2 (-1)" • ~ 
==u+ l7cosnx-I~(-1i sinnx 

•~I 11 . 
7t2 • . 

f(x)- 1 1 I · -u-cosx+-cos2x--cos3 
4 9 x+ 16 cos4x+ .... +2sinx-sin3x 

2 . 1 . .· 
+-sm4x--sm4x+ .... 

3 . 2 • 
Ans. 

Fmd a Fouri · · ~ 
. er senes to represent /i' ) -
- ' \X - 7t - X for O < X < 2n 

✓ Ans. 2[sinx+½sin2x+½sin3x~ ... +f,s}nnx+J 

. -~· '"' - ot:1111:ls Half R . 
ange Fourier Sine a d C . 

rind n Fourier series to represent x _ x2 • n . osine Series ❖❖ 
Z, , from x = t • 

/"'7 . rc2 I . . ,t o 7t and show th~t 
V......-1 · -=--..!.. 1 1 di/\ V ____, 12 Jl 22 +-l --+ . ~ 3 42 ... 

1t2 +4[cosx cos2x cos3x 4 -
J\11S -- -2---+- COS X ] [ • • 

· 3 1 · 2
2 

32 -~+ . .'. +2 si~x -~+ sin3x _ sin4x . ] 
. . 1 22 32 42 + ... 

Find a Founer scnes to represent: f(x) = , · 
3, . • x sm x, for O < x < 21t. 

' ' A · 1 ' 
ns. -l+1tsmx:--cosx+2[~+~+ cos4x ] 

. . 2 22 - 1 32 -1 42 -1 + ... 

>t Find a Founer senes to represent the function}i(x) ==; fi 
1t 2 • ' or -n: < x < 1t and hence derive a 

series for -.-- • Ans. ~[ 1 1 1 1 ] 
. smh1t 7t -2--12 1cosx+-2 cos2x---cos3x+ 

. + 2 +1 J2 +l t ... 

., . ,, 
·1 · · 2 . 3 . ] 

• + 12+ls1nx:- 22+1sm2x- 32+i_sin3x ... , 

• ~=l'+. 2[-'.!.+!_J..+ ... ] • 
, smh 7t . · . 2 5 10 

5. Optain the Fourier series for f(x) = e-:r in the interval o < < 2 . _x ~ 

-- ... :·• -~' l-;-e-:
2
~[1 .1 · 1 · · 1 · I . 2 · 3 ] 

Ans. -- 2+ 2cosx+-cos2x+-cos3x+-sinx+-sin2x+-sin3x+ 

.( ) ' (;-~)·27t •' ' 5 10 .it2 . -2 ' . 5 : - 10 . 'L ... 

6. If f X = -
2

- , 0 < x < 21t, show that /(x)==-
12 

+ L c;_o\nx . · "\<I. 'l'--
. ~ n . ~ 

. 2 • ~ . 

2 7t " ( - )" cos nx · · - -7._ Prove that X .=3+4.~ -I T· -n<x<it. 
' Hence show that 

(i) ~ ,-'-- _l_ 7t2 
.L., (~n -1)t . · 8 

8. If f(x) is a periodic function defined over a period (0, 21t) by f(x) 

P 
~ c·os nx . ' 7t2 : 1 1 . 

rove that f ( x) = .L.i -- and hence show that - = l +--, + 2 ... 
' n=l n2 6 2- 3 

- FOURIER SERIES FOR DISCONTINUOUS FUNCTIONS 
Let the function fix) be defined by y 

13x2 - ·6.m+21t2
) 

12 

c~ . : . 0 · J(x)={J..(x), c<x<x0 ~ · --~· 

J2 (x), x0 <x<c+21/ 

where x0 is the point of discontinuity in the interval ( c, c + 21t). 

In such cases also, we obtain the Fourier series forj{x) in the 
usual way. The values of 00, an, b,, are evaluated by 

.0" 
A : 

;F 
0 x=x, X 
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= .!.[J" .I. (x)~-+ f~1

,t_t; (x)m} 
n , ' . 

«. = .!.[r f. (x)cosm m·+ f .~,. ~ (x)cosm: d\·] 
7t . 

b. = -; [ I .ft ( x) sin m· m· + J,..:,. J; (t) cos m· m·] 

If .. = 1·s the point of finite discontinuit) , then the sum of the Fourier sen·e .l .T{l - S 

= ![1im l(.,·, -h)+ lim/(.,0 + h)] . 
2 t...o · ~o . 

= ½[.r(.\, -0)+ f (x0 +o)] = ½(FB+ FC) 

Remarks. 

I. It m:iy be seen from the graph, that at a point of finite discontinuity x ""' · ·: ' 
finite jump equal to BC in the value of the function.f(x) at x = x

0
• . . ~o, tbere_is a 

2. A giYenf funfunc~on fl.x) m~y l?e defin~ bFy di~rent. fonnulae in different regio~ ~- , 
types o cuons are qrute common m ouner Sen es. . ~ <>uch 

3. At a point of discontinuity the sum of the series is equal to the mean of th · lim· .:.~, • .:· 
right and left. · · e tts:on the 

- • . ' · l -•t· 
11D FUNCT~-OEFINED IN TWO OR MORE SUB:.RANGE~~:·;: ~· 

•§j111ofii8 Find the fourier series to represent thefimctionf(x) · b' . /· .. ',·" .,·., ... .., .• , .. ~, 
given !,Y. '1,, 

f(x)== { -k for -~ <x<O ·
4 

· k for O < x < TC 

Solution. f(x) == {-k, -;i: < x < 0 
k, O<x<;i: 

If "' ao =; _J(x)d"t 

I [Jo · = - -kcosnx . • 
rr -• dx. + fo k cos n.x d,;] 

==.!.k[-{~}
0 

+{sinnx}') I 
r.: n - =-k[-0t-01-::::o -, n o n ·~ J - v 

b =.!_f"' . ,y . 
• , ~f(x),1/· 

Fourier - Series Half Ra · . . · 
nge Founer Sme and Cosine Series 

If II is even 

If 11 is odd_ 

f(x)=a0 + fa~~osm-+ fbnsin11x 
n=I 

t'_ 

. = b1 _sin x + -b~ sin 2-c t b3 ,~in 3x + b~ ~i~ 4-c + ... 
Thus required:·Fourier sine series is ,, . . 

. -4k · .. 4k . . 4k 
f(x) = ...:_sin_x:t~sin3x+-sin5x+ ... 

. : ![ . ·- 3~ · ·. 57t ·-} , 
' 4k'[· ., . 1 · , I . · . · · . ] J(x) =- sinx+-sin3:c+-sin5:c+ ... 

1t 3 5 
⇒ 

Putting x = 2: in (2), we get 
2 

⇒ 

k 4k [ . 1t . I . 31t I . 51t ] 
< =- sm-+-sm-+-sm-+ ... 

• " 7t 2 3 2 5 2 

I =l[1+i(-1)+!(1)+!(...:.1)+ ... J. 
7t 3 , 5 7 

=·;[1-½+¼-½+·'-] 
1t 1 I I ' 
-=}--+---+ ... 
4 3 5 7 

QSj\jmfij · Find t~e f.ourier series of the fimction 
~ 

Ot" d4'- '- (I, 
.,.-v -1 for 

0 ,for 

+l for 

1C 
-rr<x<--

' ·. 2 
rr t rr 

--<x<-
2 2 

rr 
-<x<rr. 
2 

: .. (2) 

Proved. 

... (1) 
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lntroduc,.:::.:.:....--- 1 1112 1 
11-1t/2( )d + I Odx+--f" 1 a =..!..f" J(x)dx=; .:.11 -1 x ; -1112 , '1t 1112 . dx 

0 7t -It l 

.:
1 1 [ ·]-1112+.!.[xr =.!.(.!:-1t+1t~%]=0 :.____:...'. =--.x_. 7t .,2 7t 2 ~ . 

7t \ ' . . 

a = _!_ r J(x)cos11x <b1/ ,. ', ' 
n 7t -< I •' 

11-•'2(-t)cos1ix dx+.!.J•'2 (O)cosnx dx+2-f" (l)cos . .t, = - 7t -1112 7t 1t12 nx dx.,.,,.-
n -• . . . • 

. f(x) 

. -1t 
-lt 2 

' ( b. = .!.J' /(x)sinllX dx ~ 
~ n-• / 

X' 

= .!.J-~'2(~1Ysin11X dx+.!.J''
2 

(O)sinnx c1x L.!. r (l)~in·n.x dx . 
lt -• / lt -•!2 7t n/2 .. , 

[ 1
-x/2 [ ]• =.!.~ _.!.~ 

7t fl -• 7t n .,2 

Puttin~ the values of a0, an, bn in (1), we get .-·· 

/(x)=.!.[2sinx-2sin2x+~sin3x+ ] 7t 3 ... 

•Hh\1110 

Solution. Let 

Find the Fourier series fo ,:_J}J_f.periodic function 

f (x) = {O, '.-n <·x <-0-- ) 
x, O<x<n L · .. 

- - . .. 
£1,i I , • 

f(x) = 2+a, cosx+a2 s21.:+ ... + b
1 
sinx+ b

2 
sin2x+ .. : 

Fourier - Series Half R . . ' . ange Fourier Sine and Cosine Series , ❖ ❖ 

1[(-1)" ··] 2 · 
1t 112 112 2, ~en-.n-rs-ocra-·\ __ n ,rt · · ~ 

.= ~en-11~s-wen. 

b, = ¼~: xsinnxii<=;;[x(-co:"')-({'i~nx)I=;[ _,.(-~)" F (-? 
substituting the v·atues of ao, 'a1, 'h .. :, ~,. bz, ; .. in ·(I), we get 

( ) = ~-3.[cosx + cos3x +~ ] '[sinx sin2x sin3x ·]· 
f x 4 rt I2. 32 . 52 + ... + -1---2-+-3-+ . ., - Ans. 

- 01scoNTINUOUS. FUNCTtpNs, . . . . '. . 
At a point of ~is~ontinuity, Fourier series gives the value o~/(x) as the .arithmetic mean of 
left and right hm~ts. . · ·. · 
At the point of d1scontmmty, x =:c 

I . 
, At x ==.c, f(x)=-[f(c-0)+ f(c+O)] 

. 2 . ·- . 

' .• { ir -;ir .<x<O 
Find th.e Fourier ~e_ri~sf~r !(x), if_/(x) ~ , .-x, .· 0 <"X< 7r 

. . I I .1 . ir 2 

, Deduce that 2 +2 +2 + ... =-
1 3 . 5 · 8-.· 

Solutio~. Let. f(x) = ao +a1 cosx+a2 cos2x ;t- ... +a. cosnx:1:- ... · 
' 2 • .,., • ., I • , • 

' : '·· +b
1
sin~+b~sin2x+ ... +b.sinnx+ ... _ • •. (1) 

. 1 ,,· '. . 
a0 = ;L((x)dx . 

. 1 ['Jo . r" · · ] · 1 [ (. )o ( · 2 )"] 1 ( 2 2 12) · 1t Then a
0 
=; _,,(-1t)dx+ Jo xdx ==; -1t x _,, + x 12 0 =; -1t +1t =-2; 

' ', 

Pn. = _!_ r f(x)cos'rix dx . 
1t '. ~" . . . : ' [ 0 . • • ' ' 1., )"] 
I · o " 1 sinnx ·:csinrL-c cosnx 

an =-[f (-1t. )cosnxdx+f ·xcosnxdx]=- -1t(--) +(--+-2-. 1t _,, , o 1t n -x , n n a 

= .!.[o+-;-cosn1t--;-] = -4(cosn1t-l), 
1t . n n 1tn . 

. 1 " 
b. _= ~f_J(x)sinnx dx · 

X 

= ~[f~,,(-rc)sinnx dx+ J: ~sinn.xdx] . . 



. ; ~·· 
' J ,' 

'. 

i 
l 

j 
J 
f. 

~ 

lftrnHill 
Obtain Fourier Series of the functio!1 f (x)· = {~ x;. •. -no _< x ~ 

X, ·<X< 

I 1 1 1C~ " 
and hence show that f +f + 

5
2 + ... = B (U.P.: II Se~est~r.' 

{ 
x· -n<x<0 

Solution. We have, f ( x) = _; , 0 < x < 7t 

Here fix) is an even function so bn = 0 

a = 3. r f(x)dx = 3-r-x dx = _3_[x
2 

)' = _3_[1t
2

] ~ -1t .. , ··, 
0 7t O . 7t O ,1t 2 0 1t 2 . 

2f• 2J• · 2[ sinn.x c a.=- f(x)cosnxdx=- -xcosnx dx = -- x--. ,+ . 
7tO 7tO . . ~ . 11 )'.. 

2[(-1)" 1 l 2 n { O, =-- - 2 -- =-[1-(-l) ]= 4 
1t 11 112 1tl12 -

. 1tn2 '_ 

n is even 

n is odd 

Fourier series 

f(x)=-~+i[cosx + cos3x cos5x ] 
2 7t J2 32 , + 52 ,+_ .. , 

,.; 

At the point of discontinuity 

1 
/CO)= 2[/(o-o)+ J(o+o) =!(o-o) = o 

p . 2 
uttmg x = 0 in the above, we get 

0 = -~+i(_!_+__!_+ 1 ) 2 _1t , !2 J2 s2+ ......... . 
I 1 1 .. 1t2 
-+-+-+ 12 32 52 .. ... ..... =8 ⇒ 

Fourier - Series Half R . · ange Fourier Sfne and Cosine Series ❖ ❖ 

Find the Fourier series . . . , defined by expanSt0n of the periodic Junctwn of perwd 21r, 

' 

/(x).={ x. 
1!-x, 

Jf - ~<x<~ 
2 2 

,·, . 1( 31r 
if-<x<-

2 2 

... (1) 

_,!_[ sinnx -(r)'(- cosnxr)]'12 .!.[( ·_.):• sin~ ( )( cosnx)LJ; 
- X . , :./ . + . 1t_:-;•X ---r -1 --2-1t n .. . lJ -,12 JC. .. n,,- n. v1 

· l . . 3n7t 3mt . . mt mt] 
1 

sm- cos- sm- -
+- ___ 7t __ 2_+ __ 2 __ ~ __ 2 __ cos_L 

7t ~ n n2 
• • 2 · n · n

2 

. ' . ' 

. l[1t . ' n1t 2.mt . ] 0 ., =- --smnncos-+-sm-smmt = · 

.• 7t !l . . 2 n
2 2 ~ · 

1 1' n/~• 1 J ) n/2 b. =- xsinnx dx+- (ir-x)sinm d~ 
, 7t -n/2.' ~· . . 7t n/2 .., 

~ ~ f' 2 ;si~-nx ~; i.J¥ (1t-x)~innx dx 
7t O . 1t n/2 

. l n1t nn] l 3mt · . 3nx mt • mt] 
2 

7t cos
2 

sin 2 . 1 n_cos2 sm2 ~ c_ps 2 + sm 2 
=- ----+-- +- ------,-+ 2 

7t 2 n n2 7t 2 n n- 2 n n . . 
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duction to Engrn 
lnro Jmt] mt • , 

[ 

mt • !!!!_ cos3 - sin -;;-
. cos- Jsm 2 7t __1-- ---!- . 

, I _ ~__1-. +-, + 2 11 11 
==- 2 n. n ,. -

n . 

. ) 3 n7t 1 . 3n7t] 
I [ 7t ( 3n7t -cos!!!:. +-;sin-2 --;smT 

- - - cos- 2 11 11 
- 2n 2 · 

7t . 3 nrt I . 3111t] 1 [ • 111t ;' ! 
1t • -sm- =- 3sm- • 3n ·· -.!.[-~sin~sinmt+-;sm-2 - n' 2 n21t 2 ~s111~] , .,., 

- 11 2 11 . 2 · . 
7t • • > ' 

b, b, ... in (1), we get 
Substituting the values of Oo, al' 02 . . . I 2 

4[sinx sin3x ~- ] 
f(x)=- -, --32 + 52 ... 

7t 1 

- - ~_,, . d 1 Fourier series of the function defined as Ji!iuHllll _ Fm tie . . .• . 

x _ x+ir, wheref(x+2n) = f(x). 
{ 

fior O 5. x 5. ;r, · 

f( )- -x-ir for -ir5.x< ~ ,. , 

Solution. y,;[f(~) dx=;(f(x) dx+¾J: f(x) dx . 

. I " 1 ( x2 )o 1 (x2 )it =.!.J0 
(-x-1t)dx+-J (x+1t)dx=- ---1tX +- -+m 

7t-< 7t O 7t 2 . -;t 7t 2 O 

=~( ~ -r.1 )+;( ~ +1t2 )=1t(½-1)+n(½+1)=1t 

;;J(!(x)rosnr dr =;; J:t(x)cosnx dr+ fJ f(x)cosnx dx 

= .!_Jo (-x-1t)cosnx dx+.!_ f"' (x+1t)cosnx dx 
7t -x 7tJo 

l [ sinnx { cosnx}L 1 [ sinnx {. cosnx}I . =~ (-x- n) -
11
-- (-l) -----;r- +; (x+1t)-n--(-_I) --;r .:~· 

_ l [ I (-1)" ] I [Hr 1 ] 2 . -4 
- - --i-+~ +- - 2- ....-.. =-[(-lf -1) = -, if n is odd. 

1t n n 1t n n2 l n21t . - - n21t 

= 0, if n is even. 

----------1 I% I . . · 7 ~ f (x)sinnx dr=;;J:t(~)sinnx dx+;;J: f(x)sinnx dx 

- l f O ( ) • dx I J" -; ....., -x-1t smm +i ~ (x +n)sinnxdx 

.. f:ourter - Sorlos Half Ra - .. , - . . 
nge Fourier Sine and Cosfne Series ,,.,, 

:::: l[(-x . ..; n>(-~ )-c-1,(-~JI J [ ( - ) ( sinnx)iT 
1' .· . n . n2 +; (,i +1t) --~ - (-1) --;;z 1, 

_l[~J+![ ... 21t(- JY+.?!]- ' . . , n . 
- 1t n 1t 11 n - -;;WJ- 2(- 1}" +(l)l = ;{l - (-JrJ · · 

4 if n is odd. ,::; --, 
n 

~ o, if n is even. 

f ouricr series is 
a . . 

f(x):::: J.+a, cosx+a2 cos2x +,.,+b1 sin x+h sin i x+ 2 - 2 • .,, 

1t 4 (cosx • cos3x ) (sinx sinJx ) J(x)=='2-; T+J2+ ... +4 -1-+3 +,,. · Ans . . 

2. Find the Fourier series of the function 

{
-1 for -1t<x<o' 

f(x)= 1 for O<x<1t (U.P. ll Semester,. 2013) 

where f(x + 21t).= f(x) . Ans. i(!sinx+:!..sin3.r+ .!.sm.5.r+.!.sin 1x+-] 
r.1 3 5 1 

3. Find the Fourier series fqr the function 

{
-~ for -1t<x<O 

4 ' 
f(x) = 7t _ . and/(-..)= /(0) = f(n:) = 0,./{x) =Ji!:+ h ) f~ all .r. 

- for ' 0 < X < 1t 
· 4 

1t I I I 
Deduce that -=1--+---+ ... . 

4 3 5 7 

4. Find the Fourier series of the function 

l
o for 

f(x)= 1 for 

0 for 

-1t$x$O 

O<x<~ 
2 

~$x$1t 
2 

sinx sin3x sin5.r sin 7x 
Ans. --+--+--+--+ ... 

l 3 5 7 

l l r· cosx cos3x cos5.r sin.r sin2.r sin3.r + ] 
Ans. -+- -----+--+ ... +-+ 2 + 3 ··· 

4 1t I 3 5 I · . 



. • t the following pcno ic unc ion Obt . a Fourier series to rcprescn 
S. nm I 2 ( . 1 

. {
0 

O<x< n Ans. -
2
-- smx +-sin3x+!

5
. .) 

, ' 7t 3 s insx~ f(x) = I n <x< 2n , · · ··· , 

' . · , of the function defined in a single period by thcr,
1 
,r · 6. Find the Fourier expansion . . ions. 

{
I for O < x < 1t 

f (x)= 2 for_· 1t ~x < 21t 

· , 1t I I I 
and from it deduce that -~ = 1-·t 5-7 + ... 3 2(. I I 

7. Find a Fou,ricr series to represent the function 
Ans. --- smx+-sin3x+-sm·s ) 

2 7t 3 5 x+ ... 
, . 

1
0 for -1t < X ~ 0 

f(x)= !nx for O<x<1t 
, 4 

8. Find the Fourier'~eries for/(x), if 

-n for -n<x~o 
f(x)= X for O<x<n 

-n 
X=O - for 

2 

I I I 1t2 
Deduce that 2 + 2 + 2 + ... = -

•1 3 : 5 . . 8 

t 1t 2 ( · cos 3x cos 5x ) . I • 3 . I · 4 t Ans.•---- cosx+-+"---+ ... +3smx- - sm2x+-sm3x--sm x ~ . 4 7t • 32 52 • 2 3 4 

9. Obtain a Fouri~r series to ~epresent the function f(x) = I x I for -n < x < 1t and hence 
d 

1t

2 

I I I . . . 7t 4 [ I I 5 + ] educe -= 2 +-+-+" Ans --- cosx+-cos3x+-:;cos ;r "' 8 I 3
2 

5
2 

.. . • 2 7t 3
2 

5· 

IO. Expand as a Fourier series, the function/(x) defined as 
. . 7t 

n+x for -n<x<-­

J(x)= 7t 

2 

n-x for 

. 2 

31t 2 [ I 2 . . ~cosJ.r+,,] Ans. -+- -cosx--cos2x+
3

2 
' 8 7t 12 i2 . 11. ObU!in a Fourie, series to represent the function 

0

1 

. -n<.t< 
f(x) == I sin x I for ,r < x < n {Hint f(x) = {~sinx for O <-x< il 

smx for 

~ / I 

Fourier - Serles Half R 
ange Four1ar Sino and Coslno Serles ~ ,., 

Ans • . Li[!cos2x+ ..!.. cos4x + .l.cos6x+ ... ] 
1t 7t 3 IS 35 j\n alternating current after passing through a rectifier has the forrrt 

IZ, i "' I sin O fo~ o_ < 0 < n , b . 
"' O . . for 7t < 0 < 2n · f(O) • •• • • •• •••• •• ·u· · ·· ·· · · · . , f h ~ . 1 r 1 . d the Fourier series o t c 1unct1on. 

2 
Fin · 1t 1t 

I O • 3Jt "o 
'• I 

{
o ' for 

i3. If f(x) = sinx for 

ns. --- -+-+ ... +-sm A I 21 (cos20 cos40 ) ,1 . 
0 1t 1t 3 IS 2 

I sin x 2 ~ cos 211tr I I I I . 
Prove that f(x)=-+--,,. ,--LJ-i-, Hcnceshowthat ---+-... 

00
=-(n-2) 

. 1t . 2 1t .,. 1 4m - I 1.3 3.S 5.7 4 

mo EVEN FUNcr,oN AND ODD ~UNcr10N c,) 
L_-1 , . . , L.----' 

(a) Even Function , 

A functionf(x) is said to be even (or symmetric) function if,Jt-x) == f(x) . 
The graph of such a function is symmetrical with respect to y-axis [f(x) axis]. Here y-axis 
is a mirror for the reflection of the curve. 

1 

The area under such a curve from - 7t to 7t is double the area from O to 7t. 

[ f (x) d\· = 2 fa" /(:t) d-c 
I . I I 

f(x) 

X 

(b) Odd Function 

. f(x) 

X 

f(x) 

' ' . 
I 

I 

: 0 
I 
I 
I 

:____: 

f(x) 

. . . if A. functionJ(x) is called odd (or ske~ srmm7tnc) function · 
· f(-x) = -f(x) , ' . I 

Bere the area under the curve from - 7t to 7t is zero. 

[f(x) th:·= 0 

:.......: 

· X 

• I 

,I ,, 
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. fan even f~nction: . 

/

xpans1on ° . . . 2 r" . dx 
. a = .!.J" f(x) dx = - Jo /(x) ✓ 

0 7t -x 1t , v . 
= kf • f(x)cosnx dx = ~ ( /(x)cos 1,x dx 

V an , 1t -• n 

b th even functions, therefore, the product of J(x). cos'· . 
As/(x) and cos nx are o - ----- ----... nx is als 
even function, . . 0 llj 

b =.!.f" J(x}sinnxdx=~ 
n 1t -x , 

. . dd function so/(x). sin nx is also an odd function. We need not to 
1 

· 
As sm nx is an o , ca culatc 
It saves our labour a lot. . . _ b, 

. fthe even function will contain only cosme tenns. (U.P. II Se,n 

J he series o ester 20J 
xpansion of an ~f•;~•:••: {,,,-- -'\ J . I 

a0 = ;- f__J~x) dx = o_ ~ .,L 
\... ' 

an =-7t
1 

[f(x)co~iix dx = OV, [f(x). cos nx is odd funci· 
. . , 1on.1 

. 1 J" . d . 2 f. • f( ) • dx bn=- f(x)smnx x=- x smnx 
7t ' -· ' ' 1t o. 

The .series of the odd function will contain only sine terms. 

The function shown below is neither odd nor even so it contains botll'Sine nnd cosine lcnni 

0 
/(l~ 

o► T , -T T t 2 
0 T 

2 

llmmmlJI Find the Fourier series expansion of the periodic function of period 1, 

<vJ~ · 1 1 1 · 1 ·i V 'l( "..,,:..,,," fl..x)=x2,-1r'S.xS.1r.Hence,findthes11moftheserics ,-
1

+
1

-
1

+ ... =-,1 ~ . J· 2 3 4 
Solution. 

This is an ~ven_ function. :. ~ 

ao ~ 3_ r /(x) dx = 3_ r x 2dx = 3.(~]· = -21t-
2 

7tO 7tO 1t3o 3 

2 J" 2 J" a"= - J(x)cosnx dx = - x2 cosnx dx 
7t O 7t O 

= 3_[ 2 (sinnx)· (cosnx) ( sinnx)]' 
X - -(2x) -- +(2) -;---3-. 

7t n n2 , n o 

Fourier - Serles Hair R . 
ange Fou_rler Sine arid Cosine Serles 

vi, 

J -11' 

-31t 

X 

Fourier Series is 
f(x) =~+a, cosx+ai_cos2x_+aJ c~s3x+ ... +an cosnx+ '. .. 

x
2 

= 1t

2 

_ 4[~- cos2x cos3x cos4x ] 
... 3 12 zr-+)2--~+... , ... 

On putting x = o_, we have · 

liiiihlihjfj Obtain a Fourier expresslonjbr J(x)=-x' for_ 

Solution. ~nn odd.function. 
-,r<x<,r. 

•. / Ji.==-Oan·< ~ o-1~ . ··--9 ~-

" 2 J;" . 2•1 • l • bn == - f(x)sm nx dx =-=- x sm nx dx 
7t O • , • • _;rt 0, ' / 

'Y' '.$ 

C- rnY. ' 
,b(t1;) :::J_ 

7- X --- - X --- + X -- - --· __ 2[ J( cosnx) 3 2( sinnx) 6 (cos~) 
6
-(sinnx)]" 

1 .- 7t • h n2 n3 n4 · 
~ ... , 0 

== 3. [- n
3 

cos me + 61t cos nn] = 2 · ( - I)" [- 7t
2 + £], 

1C , n n3 n n3 

Ans. 

1 
:r - ')'\ 

x3 = 2Y-f 1t

2 

6) · ( 1t

2 6 ) · 2 ( 1t
2 6 ) · 3 ] A ~L ~ -1 +jT smx+ - 2 ,~ 23 _ s1~ x- -~ ~/ sm x+~ .. ~, ns • . 

ffl£jjjmf1FI Expancf the function f(x) ~ a~ a Fourier series In the Interval 
.' ., · ~ · 1 I 1 _n-2 C\11 

V' ~ f ~-H~e 
th
t,1.1 - 3.5 + 5.7 - 7.9 +.,,-L..-£... 4' ~ 

(U.P., If Semester, Summer 2008, Ullarakhand, I/ Semester, June 2007) 

(Here x sin x is an even function) 
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. ; :::: 3.[x(~cos '.\")~(1)(-~inx~]~ =. ;;(7t) = 2, ' 

. 7t 

. a ==3.f"J(x)cos1u·d\··==;f>sinx~o~;1xdi.: .· 
• 7t Jo . . , 

:::: _!_ f" x{sin(n+ l)x-sin(11-l)x}d\'. 
7tJo . 

(-l}•+I (-1)"""1 • n+I[ 1· .l.]· 2(-1)"+1 ' 
=---+-=(-1) --+- =--

n + I 11 -1 . , n + 1 · ~ -1 . n
2 
-1 . .1 •. ,,.,,. . -• . . . . \ \{·,~r .. h,-~ ~ 

0
1

: ~ r XSIDXCOSX dx: _!_ r XSip2X dx-' 
7t O 7t O • :: · . 

or 

,( 

~8 .c- n_::-2 _ I ' I I 
. ----+ 

4 1.3 3.5 5,7 - ... 

. Fourier - Series Half R 

F
; d I . ange Fourier Sine ,and Cosine Seriesi· .❖ ❖ 

- m I 1e Fourier s , · . er1es expa . 
t\. ,__.,A f(x) ~ x co , nsw_n for the function 
~ . ~ sx, -n<x< , ~ { p 

50JutloP• mce. x cos x is an odd functio { n. . ~ , ,..,f\ '"' . . , n . nerefore,a =a -o ;-1·1~ 

1 
t x cos x ':" -tJb

11 
sm bx, where . . () n -~ • _,,,,,--

µC . -·, U ' 
'\ . 2J" . " ' 
h;, := - f ~dsx -sinnxdx=.!.J : _ 
'• . 7to .' rt/{sm(n+l)x+sin(n-l)x}cfr 

·:'.~ Lf," ; sin (n+I) dx If" · · 
. ;. 1t O x . +-; 0 xsin (n-l)xdx · _ 

: -~~~:1_:·[x(' ..:cos( n.+ I)x)+ sin( n+ l)xi• I [ cos(n-1;; ' sin (n- l)x]" . 
· . rt n+l ( 2 +- .-x--'---"-+---'--_..a,_ 

. . . ·. _· n+l) o ~. . n-1 (n-1)2 o 

=;[~-{ cos~:~~)x cos(n-l)x}+i -{sin(n+l)x + sin(n-l)x}] " 
(n-1) (n+l}2 (~-1)2 o 

=-_!_[~·. ~·-{· cos(n+I)rt · cos(~~l)rt}] 
rt , ·.· n+l . (n-1}2 

' ,· -'{-(:~1,' )~!'·: . .-(---:i)"""'} ' 
⇒ b" - - .---- n:;tl 
· · ,n+l n-1 ' 

ifn is odd; n :;t 1. 

. if n is even; n :;t 1 _ 

If 
.. ' . 2" . ·1 • 

n = 1, then b
1
=-J. xcosx•sinxdx=-Jx-sin2xm . 

•_ • 7t o' rt o · · • 

· xc · b · b . . · 1 . · · 4sin2x 6sin3x ·· osx= 
1
smx+ sm2x+b sm3x+ ... =--smx+-----+... Ans . 

. · 2 3 .•. z-: z2-l i-1 

- HALF-RANGE~ SERIES, PERIOD OTO 1t . ·-l 1 J . . · '/ .· t 
Tbe given function is definedin the interval (0, rt) and it is immaterial ~hatever the

1 

function _ 
may be outside the interval (0, rt). To get the series of cosines only we assume that/(x) is . 
an even function in the interval (-1t, rt). . · · · · · · ·-.. , , .· 
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0 ~!f"J(x)cos11xdxnndb.=O 
• 7tJo . 

' I • ·es we-~xtend tl~e function in the intei-val (-n, 7t) as ;; odct'ru . 
To expand/(x) as a sme sen . ', nction, 

b = ! r• f (x )sin11xtl\: and a. = 0 · -~ 
. • 7t Jo . 

·R t tliefiollowingfunction by a Fo111'ie1· sine series . epresen . . -, - : · 

~ 2 • 
· ') {I, 0 < t < !!_ . . 

1 1 

·, f(t) 

C., M= -
!!_ !!_ < t < 7C ____ -.. 2_~+--..-: 
2' 2 · - ~/ 

. Solution. b. = ~ J: f (t)sinntdt 
7t 

2 J"'2 2 J" 7t . . =- tsinntdt+- -smntdt 
7t O • 7t .,2 2- : , 

[ 

mt . n7tl [ n1tl cos- sm- cos-=~_.::_ __ 2_+ __ 2_ + _ cosn1t_+ __ 2_ . 
7t 2 11 n2 n n 

, , ,,' I 

' . 

2 [ 1t 1t 7t] [ 7t] 2 · · 2 , _.. b, =- --cos-+sin- + -cos1t+cos- =-(0+1]+[1]=-+l .'i. 
7t2 2 2 2 7t 7t 

- t ... ...;i: 

[f e"' sin bxdt = 2e"'b
2 

( asinbx-~ ~osbxJ] 
a + . 

Fourier - Series Half R, · . . 
ange Fourier ~ine and Cosine Series . ❖❖ 

t. Find the Fourier cosine series for .th~ fu~ction 

[

l for 
f(x)= 
• 0 - for 

-
"o<x<~ . 

2 
7t \ . 

-<x<n. 
2 

-1t 

2 0 n: 
2 

Ans. 

X 

An·s . .!..+~[co~x-.!.cos3x+.!..cos5x-... J '.•- 2 1t 3 5 

2. Find a series. of cosine of multiJJ_les ·of x which wil~ representj{x) in (0, it) where 

lo
• £, ·o ·. n . 1or · <x<- , 

2 . 
J(x)= 

~ for ~<X<lt 
. 2 2 , · ,, 

. • 1 1 , 1 - 7t ·. 
Deduct that 1--+---+ .... oc= - · : 

3 5 7 · 4 

· 1t 1 1 
Ans. ---cosx+-cos3x--cos5x+ ... 

4 · 3 5 

3
• Express/(x) =x as a sine .in o <x < lt. Ans: 2[sinx-.!.sin2x+½sin3x-... J 

. •. 2 
4
• Find the c~sine series for /(x) = it .- x in the 'f~er:val O < x ~ it: 

. !x S. ·If f(x): : 

rr -x, for 

for 

7t 
-<x<1t 
2 

it 4( cos3x cos5x ) Ans.-+- ,cosx+--2 -+--2-+ ... 
· _ 2 · 1t 3 5 

' 



. Show that: I . . . ) 4( · . _ _.!_sin3x+2smSx - ... 
(i) J(x)::::; smx 32 5 . 

· .,. .2( I · 2. _.!_cos6x+J_cosl.Ox + ... ) 
· ( )-~.:...- -cos x+ 2 52 

. (ii) I X - 4 7t , 2 3 
· • • ti 1r x) - x2 in O < x < 7t. . I If range cosine sen es or J, - • ~.:! : . .• ~. 

6_ Obtam the 1a - · 2 ( • • 
1 

· · 

· Ans. 2:... -:- 4 fosx-2 cos2x+..!..cos3_ .) . · · 3 • .. . 2 32 x>-
. . • d O cosine series for the functionj{x) = <r for 0 < x < n. · : 

7. Find (i) sme senes an " . . - . . 

(.)2~ [1-(-l)"en]sinnx {ii)en-1 ~3_~1-{_:l)"e~· .• .',. 
Ans. 1 ~'7"11 112+l , . 7t . • 1t"7" 112+ 1-co~n.i: 

+ I ti O < x < n find its Fourier (i) sine series (ii) cosine series. Bence ded 8. If.l{x) =x , or , .. uce 
that · · ; · · · · ~ " 

I I l 7t 
(i) l--+---+ ... ==-

3 5 7 4 

Ans. (i) 

9. Find the Fourier series expansion of the function 

f (x) == cos(sx), -7t :5: x :5: 7t 

. 1 20 20 . 
Where s is a fraction. Hence, show that cot 0 = - + -

2 
--

2 
+ 

2 2 
+ ... e e -1t . e -4n 

sin nx 1 (sin(s1t + nrc) sin(~1t-:-n~)j 1i. / Ans. --+- I, -~---+--.--'---~ c~s 
ru 7t s+n ___ s-:n . . , .. · ~ 

D!ID CHANGE OF INTERVAL AND FUNCTION HAVING AR~ITRARY ~~~do_, 
In ~lec~cal engineering problems, the period of the function is not always 2~. buJ f or 2i 
This penod must be converted to the length 21t. The independent variable x 1s alsq, to · 
changed proportionally. · · 

Let. the fix) be defined in the interval (-c, c). Now we want to change the.func!ior, .tP, the I 
penod of Zn so that we can use the fonnulae of a · b as disc~ssed in Article 10.6• • 

.. • n' n ~ · 
2c 1s the mterval for the variable x 

. ~✓ 
I is the interval for the variable = ..:_ 

2c 

2n is the interval for the variable = x 2n = 1t x 

2c C 

· Fourier .:. Series Half R . . ' -
ange Fourier Sine and Cosirie Series •;j❖ 

1 12c n1tX (iu:) . 1 fzc )' mt.'t =- f(x)cos-_ -d - =-J, f(x cos-dx. 
7t9 ~_· CC co C 

"!'I 

·2 -r 
; : -, 

112, . mu- .v 
a = - f(x)cos-dx 

·;.;;,,_ n . C , o C 

Similarly, ··• '· 
1 12c . nrr:x . 

b =- f(x)sm-dx 
n C o C 

1iiJRi\f1,1 Expandf(x) .@n a cosi!Je series over (0, 1). 

. Solution. Here, we have f(x) = eT and c "". 1 . 
'_) 

' · 2 Jc · · 2 f1 
· ( l) a~=-;; .

0
f(x)dx= 1J

0
e"d't=2 e -:- . 

2 C •• n7tX • 2 fl ' n7tX d 
a" =-f f(x)cos-dx=-J, e cos- :t 
. n C Jo C 1 0 l 

··,: = ;·[_e_·'-(mcsinmtx+cosmcx)]
1 

·. . n21t2 + l . , o 

[
e·' . ) l] 

=2 _. --(n1tsinmt+cosmt -~1 - 1121t2 + l , n 1t + 

=-
2-[(-1)" e-1]· 

n21t2 + l 



t· 
j 

i ., , 

f 
b 

X'-2 

-. 
fl 

14 mu 2.mo: mtx 
-- - sin- + .r-sm-+22cos-[ )

0 ( 4 · )
2 

] 
- 2 m.( 2 -: mt 2 11 1t 2 0 

l[ 4 4 ] 2 [ • ] =- -cosrm--, - =-,- (-1) -1 
2 n

2
r.

2 n-n2 n-rc2 · 

=O, 

when n is odd 

when n is even. 

b l f' ( ) . mo: I Jo mo: l f 2 nn.r · • =- f x sm-dx=- 2sin-=-dx+- xsin----=-ctt 
C - , C 2 -2 2 2 o . 2 . 

\ --. 
fl 

\ 
l-

= ½[ 2(-! cos 7)]
0 

+½[x(-~cos~)+(l)-i-rsin n1t.r]
2 

- 2 nrc • 2 n n 2 
0 

1 [ 4 4 ] J [ 4 ] [ ] ' · .. · =- --+- 4 I 4 2 · 
2 nrc nrccosnrc +-2 --cosnn+~sinmc =- -- =-- . ,, ii-• 

nrc n 1t 2 nn me · 
a ' ·. f(x ) = -i!. + nx 2nx 3nx · . 2 · 31tx 2 a1 cos- +a2 cos-+a cos-+ +b . nx b . 1tx +b sin-+~ 

c c J .. . 1 sm - + 
2 
sm-- 3 c 

C C . C • 

= ~-~{ 1 cos 7tx 1 31tx } 2 2 -12 -+-cos-+ 
7t 2 32 2 ... 

2 { I . 7tx 1 . 2nx 1 . 37tX } - i I sm 2 + 2 sm 2 + 3 sm 2 + .. · 

Fourier - Series Half Range Fourier Sine and Cosine Series ❖❖ -

l"U\lmnLLW __ A pe~iod function of ~eriod 4 is defined as f(x) = lxl,-2 < x < 2. Find its 
Fmmer series expansion. •. · - _ 

=> 

f(x)=[xl 

f(x ) ={ x, 
-x, 

0 0 = !J' f(x)d:c = .!. f xdx+!J0 (-x)d:c 
C - c 2 o 2 -2 

:1[·: I +½[-n_, 
~ -- y--- . 1 . 

=·;/4-0)+4(0+4)=2 

1 J' n1tx I f 2 met I Jo mt:r a =- f(x)cos--d:c=- xcos-: d:c +- (-x)cos-dx 
,n c -c C 2 o 2 2 - 2 . 2 

1 [ ( 2 . ,mtt) ~--. ( 4 mt:t)I · = - x -sm........__ -(1) --
2
- -cos-

2 mt 2 n ,c. 2 . 
. 0 

I [ ( 2 . m::r) ( 4 ) mtXI +- (-x) · -sm- - (-1) -"T", cos-
2 · mt 2 n r 2 

2 

~n is odd) 

(If n is even) 
b = O as J(x) is even function. 

Fourier serie; is · 

· - a m · 2m . : n . · .2n:r . 
• f(x)=-2-+a cos-+a;, cos-+ ... +qsm-,,.~sm-+ __ 

. 2 • 1 C - C C C 

f(xH-;[ro;,; + '
05

3
'.~ ~ =/ + .. ] 

Q:ti\,jfu§Jjj Fi~~ the Fourier series for the fancti'on f (x) = { J :•x, O<x<l 

l<x<2 

Ans. 
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'r••' 

::...:..:==---- -· {-X, 0<x<l 

Solution. Here, we have J(x) = 1 ~ x, 1 < x < 2 i ·. 

. a,=;J:'1Wx=W:Xax+J,'(1-x)dx] 

=([fl +HI ]=[Fo+2~2-1+~]_=0_ 

.. ~ ;e J(,)cot, )dx ~Kr: ,cos( 7 )dx+ J,' (1- ,)cos(~ H · 
· =(xsinmu -(l)(-co!ntx)]

1 

+[(l-x)sin:hiu 7(-l)(:,~)]
2 

mt n 1t o mt .n n 
. I 

-[sinn1t +(~)--1-]+[- sin2n1t _ cos2nn -~+.:_~] 
- n1t n11t2 n21t2 n1t n21t2 n21t2 

• I , • 

(-lf 1 . l (-1)~ _ . 2 . n -0+ 2 2 2 2 +0 2 2 +0 2 2 n [( J) · 1] 
n 1t n 1t n 1t n. 7t n 1t 

4 
=-,,27t2' when n is odd 

=O, when n is even 

1 Ile , . 111tx 1 JI . 117tX l.J2 •111r'x 
bn =- f(x)sm~=- xsm-dx+- (1-x)sin-dx' 

C O C 1 O 1 . 1 I . 1 

_ cos mt sin mt cos 2 n1t sin 2n1t :, . sin nn 1 
----+-2-2 -+·--""'-·-+0+-· -

mt n 1t n1t n21t2 ,i2rc2 

_ Ht 1 I · 
- --+ Ot--0+ Ot O = -[-(-1)" + 1] 

mt mt mt 

2 . 
=-, if 11 is 'odd 

117t 

= 0, if n is even 
a . . 

f(x) =...l.+a cosnx+a 2 . . 
2 1 

2 cos ~x ... +b, smnx+b
1 

sm_2rcx+ ... 

f(x)=-~(cos2ru: +~+ )+ 2[sinru: sin3iu ] , 
~ 1 32 ... ; 1+-3-+ ... 

~ALF PERIOD SERIES .. 

Cosine series: 

Fourier - Series Half Ra , . . _ 
-----------~-nge Fourier Sme and Cosine Series ❖❖ 

2Jc · 2 
ao =; 0 f(x)dx, an =-r f(x)cos~dx 

C O . C 

Sine series: f(x) = bl sin 1tX.+b sin 4~ + ' fb . nru: , · 
C 2 C ·.:• nsm-+ ... 

C 

where 
2fc nn.x b11 =- f(x)sin-dx 
C O C • 

•=--- Expand for f(x) ~ k for O < x <;:: 2 in a half ~ange sine series . 

· _ ~ , · , · (U.P., II Semester, June 2007) 
Sol_ution,: f(x) = k · 

• 1 • b .= lJ'· f (x)-sin nru dx in half r~ng~ (0, c) = ~f' ksin nru: dx 
· .n C _° C 2 ° 2 · 

., , = k.3...(-cos mtx)
2 

= 2k [~cosmt+ l] . 
:· .:· nrt 2 0 · nrt 

Haif range_ sine series is 

f . niu k f 2k[l ] . nru: f(x)= 1,)nsm- ⇒- = 1-i- -cosn~ sm-
n=I , 2 n=I nlt 2 

Ans. 

ii\jifojf}j Obtain the half range sine series for the function f(x.) = x2 in the interval 
0<x<3. . . 

Solution. We know that half range sine series is given by f(x) = r.bn sin nx 

Where b = ~Jc.J(~)sin n_ru dx in the half-range_(0, c), 
n C o C 

Here, we have half range O < x < 3 and f(x) = t 
2J3 2 • nrudx b =- x sm- --! 

" 3 ° 3 

. =}(x'(:n)(-cos":)+2xtX:~}in";"-z(:.)(:)(:J-i•s"~)l 
b" =~[{- 27 (-1)"-~(-l)"}+ ~\] 

3 ~ Ji nn 

b" =~[~{l-(-l)"}~ 27 (-I)"] ⇒ bn = ~f l~S3 +E]. ,whe~ n is odd 
3 nJ 7tJ nn 3 l n n nn .. 

18 ' 
And bn =-- when n is even 

111t · 

Half range sine series i • 

f(x)=b sinx+b sin2x+b3 sin-3x+ ... _ · · · 1 
· 

I 2 . . ) 27( .. x sln3x sin5x )] 
. =~[108(sinx +~+ sin;x + ... +- s1: +-3-. +T-n ... 

3 .7t3 13 33 5. 7t ' ·' .. 

·-~(~+ sin4x + .... ) 
• . , · '1t 2 4 

Ans . 
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I:"' d the haljrange cosil!e series e>.pansion of f(x) == x - x2 in 0 . .. 
rm · ·. (GBTU ~x,;; . 

. : , // Sem., Jan 
2

1._ . . 
.2 . • . 0/2) 

Solution. fix) = x - ·' . 

·· i ' 1 [x2 
x

3
]'· · (1 1) 1 . a =~rcf(x)dr=-J (x~x2)dr=2 --- =2 --- ==- . 

• • 0 cJo 1 0 2 3 0 2 3 3 

Fourier - Series Half Ra F . . 
nge ouner_Sme and Cosine Series ❖❖ M a; 

=[2,(~si~ nnt)-(2)(-_j_ . ~m)]r 
mt 2 . i i cos-

n 7t . 2 o 
. ·' 

+[(4-2t}(~sin mtt)~(2)(-+zcos n1tt)]
2 

n1t 2 · n1t ·· 2 I 

2 (< /170; ·. 2 f I . 2 117tX 
a=-), f(x)cos-dr=-J, (x-x )cos-dr 
• .co c., 1° _ 1 [ 

4 . n1t 8 n1t 8 ] [ 8 ' 4 mt 8 mt] = -sm-+----iz-cos-_---22 + O---cosn1t--sin-+--cos-
nrt 2 n 1t 2 n 1t n21t2 n1t 2_ . n21t2 7 

16 n1t ·g 8 · 8 [ mt · ] 
. 7 ~cos-..,..----iz--:22cos1t= 22 2cos-_ -l-cosn1t · 
.' . . n1t -2 n1t n1t n1t , 2 

f(t) ~ Fl--tt[2cos mt:_ 1-cosmt]cos met . . · Ans. 
. 1t . n=l 2 . 2 

u!\@.Pf+J Obtain the Fourier cosine series expansion oitheperiodicfunction defined 

· · _. : ,' by f(t)= .sin(~'). 0<t<l . · . _ · . . 

Solution~ We ~ave, (
1tt) -f(t)=sin - ,0<t<l 

. I 
.. . .. 

2 1 I i -. 
x-x =-+0--cos2rtx+O--cos47tX+ 6 7t2 . 41t2 ... 

x-x2 =.!_ _ _!_2 [cos27tX+7t+.!.co~4rtx+ ] . ~-- ,· 
6 1t 4 .... _ 

a ~ ~ r sin(1tt)d1 =·~(-!_cos 1tt)
1 

=-~(coS1t-cosO) =-~(-1-1)= ± 
0 

, / o / . . / · 1t I O 1t 1t 1t · 

a
0 
~ lJ! ~in(rtt)cos n1tt dt = ! J;[sin(rct + mct)-.sin(mct - 7tt/ )]dt 
. /o I . I . I . I l _- I 

,. 
S: Solution. . 

Let 

f 
I 
( 
~ Here, 
~ 

l'1::.;■z ,•,.•j,j"'fjll!£W!M■ Find the "'o · half · · · .. ·. ~ · ' 
-- ..... ___ ri urzer . -range cosine senes of the function . 

{
21 0<t<I 

f (t) = ' · (UP. . 
2(2- t), I< 1 < 2 · • • _ ., II Semester, Summe~ 20 

f(t) = {21, . 0 < t < I 
2(2- t), I < t < 2 

f(t) = Go +t1i COS 1tl + 27U . 31tt 
2 c a2cos-+a3cos-+ ... 

• C - C -

b 
. 1tt b . 2-rit . . 31tt' . 

+ ,sm-+ 2sm-+b sm-+ ... 
• C C 

3 
'. C 

c = 2, because it is half range ser'ies. 

1 s· I • 1tt I 1 I _ 1Ct 
=- s1_n(_n+l) -:- dt-:---, sm(n-1)-dt . i o-, .. , . n . i o . i 

· _;:{[· :;·· ·/ · (n+l)1tt]
1 I[ /. (n-l)1t1·1 

= - ----cos--- -- ---cos 
. I · (n-l-;1)1t I 

O 
I (n-1)1t I · o 

.. -1 , I . 
. = ---[cos(n+ l)rc-cosO]+--[cos(n-l)rc~cosO] 

(n + l)rc (n- l)rc · · 

· [ · 1] I 1 -( })n+I } +--- +----
- - (n+l)1t (n-l)1t . (~+l)Jt (n-l)rc 

Hence, - 21c 2 I • 2 
ao -;; J(t)dt=2fr,2tdt+22(2-t)dt 

=[t2]1 +[2( ,2)]
2 

O 
2'-2 I :]+[(4/-/2

)]~ =1+(8-:-4-4:+J);::2 

0n==~fJ(t)cos!!.!!:.'..d1 - 2J1 met 2 2 · , met 
c O c - 2 0 2tcos-d1+-f 2(2-t)cos-dl 

2 2 I . 2 I 

=(-lr+t 2 2 . z 2 . [(-lr1-l] 
(n 2 - l)1t (n2 

- l)Jt (n - l)Jt 

=---
(n2 - l)1t 

= 0 when n is odd. ' · 
The above fo~ula for finding the value of a, is not applicable. 

-4 when n is even 



. ring Mathematics:.. II 
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I J' 21tt 21, . 1tl !!!.dt = _ sin-
1
-dt 

-- sm-cos_ I I o a,- 1 o I 1 

I ~ 1 ' 
. I( / ~ -) -~ ~ :.·~(cos2rc-cos0) =- 21t (1-1) = 0 
=- --cos I 21tl . 

/ 21t O • 

31tt 41tt 
nt 21tt +a cos-+a4 cos-+ ... ao -+a cos- 3 / / f(t)= 2+a,cos 1 2 / . : , . • 

· - 1 41tt 1 61tt ] . ·. 
2 4[1 21tt +-cos-+--+ ... 

= ;-; 3cos 1 15 . / 35 / 

r;, • osine series expansio"n of the periodic function ol'p . fJ\j find the roimer c 'J er1od 1 

HfWI'! ' 1!._+x _!_<x~O . . . 
2 ' 2 

f(x)= I I ·, . 
--x O<x<-

2 2 ' 

a 7tX .27tX 
Solution. Let f(x) = ; + a, cos-;+ a2 cos-;-+ ... 

Here 

as f(x) is a cosine series. 

I 
2c= l ⇒ c=-

2 

IJ'J( )dx--1 Jo (.!.+x)dx+-I ·1112(!-x)dx 0
o =; -c x - 112 -112 2 1/ 2 ° 2 

=2[~+ x2']0 +2[~- ~2]112 = 2[¼-i]+2[¼-i] = ½ 
2 2 -112 2 0 

I J' nrtx an=- f(x)cos-dx 
C -c C 

=-
1-J0 

(.!.+x)cos~dx+-
1-r 112

(.!.-x)cos n_rtx dx 
1/2 -1/2 2 1/2 u2Jo 2 1/2 

= 2 r (.!. + x) cos 2mtx dx + 2f 
112 (.!.- x) cos 2nrtx ~ -112 2 0 2 

Fourier - Series Half Range Fourier Sine and Cosine Series ❖ ❖ 
2 

==~ n 1t 
(if n is odd) 

== o (if n is even) 
. ting ·the values of a0, al' a2, a3, ... in (I)~ we have 5ubsUlU .. 

1 2 [cos2rcx cosp1tX cosIOrrx ] 
f(x)==-+2· --2 -+-

3
2 +--i--+ ... 

4 1t I · . , 5 Ans. 

ind the half range Fourier sine series of f(x) defined over the range 
<x<4as . 

. ' 
· {x, 0 < x < 2 · · (G~TU, 2011) 

_f (x) = 4 - X, 2 <. X < 4 ': '·, , 

{
x, 0<x<2 

Solution. Here, we have f (x)_ = 4 - x, 2 < x < 4 . ... (1) 

t find out half range Fourier sine serie~ of (I). We have o . 

b =3.f' J(x)sin(nrtx)dx 
n C o C 

(c = 4) 

nrtx 2 f 4 • nrtx dx . =3.J2 xsin-dx+- (4-x)sm4 
4 0 4 4 2 

=½[x ~(-cos": )c(l) ):, (-sin:' JI . . . , 
.. +½[(4-x) .:(-cos":)+1) )!, (-sffi •:)], 

I • 

Ans. 
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Solution, 
I 

f(x)=--x 
2 

~. 2 ,( 1 ) ~ • 2 [Ix x2,J1 

1 1 __ -~x dr ,.... --~ =0 
a0 == 112 fJ(x)dx- / fa 2 1 2 · 1 0 

mu: . 2 ,,( l ) 2mu _,_, 
==-1-J1

J(x)cos-.-dx=-J, -:--x cos-;-~ 
' a. I I 2 o 112 I o 2 ' 

2 ]/ / 2n1tX I 2mrx 
=~[(!...-x)-sin-

1
-+(-1)-

4 2 2 cos-
1

-
1 2 2n7t 11 7t o 

2 /2 - / - -=---(-cos2n1t+l)--
2
-

2 
( 1+1)-0 

/ 4n21t2 2n 7t 

b =- f(x)sin-dx=- --x sm--dx I J' n7tX 2I,( I ) . 2mrx 
• 1/ 2 o //2 / 0 2 . . I 

=- --x --cos-- -(-1) ---sm--2 [( I )( I 2n7tX) · ( /2 
• 2mtx)]

1 

/ 2 2mt / 4n21t2 / • .. 
. 0 

=3.(!..._l_cos2n1t-O+L-1_(1)]=3.[~]=-l · 
I 2 2n1t 2 2mt I 2mt mt 

Fourier series is 

a0 • mer 2mtx 3n7tX f(x) =-+n cos-+a2 cos--+a
3 
cos--+· 

2 ' //2 112 / / 2 ... 
• 

-b ·. mtx . 2mtx 3nm 
+ 1 sm--+b2 sm--+b sin--+ 

1 I . 2mc I 41tx I 6~- -· -l ~ I · 2 . - ---x=-sm-+-sin-- · ,..... "'""' . . n1tX · 
2 7t / 2 · / --3 sm-+ ... =-L.,-sm--· 

l/2 l/2 ,_ 3 //2 ··•, 

1t 1t I _ 1t 1 n - I Proved. 

.. 1■!$!l!:j.,~i,J:IMl]•l•Findtheha[f · d · · · · .- - _· 
... •-i. peno sme series for f(x) given in the range (0, /) by the graph 

OPQ as shown in figure. - (U.P. ,/1 semester, 2009) 

Solution. The equation of line OP i·s - kx 2kx f(x) 
Y-7⇒ y=-l-

2 

and the equation of the line PQ- is y. _ - lex • · <. ·. : 2kx 
- -T ⇒-y = --1-

f(x) is the half period 
2 

{

2kx J 
- 1-, O<x<-

f(x) = 2 
· 2kx f 

--l-+2k, 2<x<l 

:G ,k) . 

k~ - 0(1,0) 

o · 1 x=1X 
x.=2 

Fourier - Series Half Range F . , 
. ouner,Sme and Cosine Series ❖ ❖ 

. half period series. It is to be expended as . . 
J(J) is ""' 0 and an ""' 0 sme senes. 

~~ I -

b -3.J2 f() · mt.x 2J' 
n - I o x sm~+- ,/(x)sin~ctt 

1
2kx mr.x 2J'(-2kx )' 2 . / _ ~J'i-sin--dx+- , -+2k sin~ctt 

-10 I I 1 2 I I -

·4k f !.. mrx dx 4k J' mr.x __ 2 xsin-
1
- +-12 ,(-x+/)sin-ck 

- /2 0 2 / 

~iH:~=7)-(;~~•-;x)t 
.+ 

4:[c-x-1)(-/ cosn7tx)-<-J)( ~f sin~)r 
- I n1t I n n2 I 

1 

4k[ /( ' /) mt1 f . mt~l 
2 

.= f -2 mt cos-/+ n27: sm-l 'j 

. -· r . ( / . ) /2 
( / )( l . mt!_ ] /2 rr.c½j 

+ 
4

k (-_ / +/) --cosnn: - 2-.2 sinn1t- --+/ --cos-2- + 
2 

, sin-
1
-

/2 , ·- n1t n n; 4 mr: . I . n r 
·- . , . . 

4k[ 12 mt · z2 mt] 4k[ f mt z2_ . me] = _ ---cos-+22sin- + 2 0-0+-cos-+ , ·-2 sm-
2 /

2 2n1t 2 n 1t 2 I 2n7t 2 ,r:"' 

= 4k(_!___)[- cosmt+~sin~];
4
~[ I2 cosmc

2
+ !~sm';]· 

_ /2 _ -.2mt 2· mt - 2 / 2mt n n; 

: 4k (·~)f -c~snn: +isin me +cos me +~sin ~21 
/

2 2n1t· L · . . 2 · nn: . 2 __ 2 me · 
. . . . 

= 
2
k[~sin mt],,;, ~\ sin~ 

- mt n1t 2 · n 1t· 2 
. -.. 

Hence, Fourier series off(x) is 
, 8k ~ 1 A nn -. mtx 

f(x) = 2 L., 2 sm-
2 

sm-
1
- · 

- ' 7t n=l n 
Ans. 

--EXERGISE. l 0.4 

1. Find the -Fourier ·~eries to represent./{x), where 

{
-a, -c<x<O 

f(x)::; 0 <C 
a, <x 

4 
[ 

1CC 1 31CC 1· . 57tX . .'.] 
An ~ in-+-sin-+-sm-+ .... 

S. S 3 C 5 C 
' 1t C 

2· Find the halfArange sine series for the function 

f(x) = 2x- 1 O <x < 1 
' 2[· • 2 ..... +.!.sin41tX+.!.sin61tx+ ... ] Ans.-; sm ,_... 2 3 . 



•-~· ~· ~t~E~n11:gi~·n~ee~·~~-;ri~g~M~a~t~h~em~a~tic~s~-:_::ll_=----~--
. , ❖❖ lntrod~CIJOn O 
·_ ---- ·ne lialf range series in O < x < 2. . 

·, J( ) _ x as a COS) , [ 1 ru: I · 3 --Express x - ·. 8 · 3rrx ' · '·-...........: . . . Ans: 1-=-. 2 f cos 2 + J2 cos_+..!._ 5 
. 7t, . 2 52 cos~ ] • 

4. Find t11e Fourier series of the function ~·• : . _" . ' , . . . ' 2 , i- ... . 

· {-2 for -;-4 < x < -2 
J(x)::; x for -2<x<2 . 

. 2 for 2 <x< 4 

4 8 . 7tX 2 . 2ru:•. ( 4 . 8 ) 3rrx . 
Ans.-+-sm---sm-+ .---2- sin.__ 2 . 4 

7t 7t2 4 7t 4 37t . 3 1t . ·4 ., -2 Stn_ltt . . n . i-. 4 ¼ 

S. Find the Fourier series to represent · 
f(x) =,? - 2 from -2 < x < 2. 

-1t(-· l sin·~- ' 2 ·. 2m: )} .. · 
c 2 + 7t2 c . c2 +' 41t2 sm-;-·,· . ' 

7. A sinusoidal voltage E sin w t is passed through a half wave rectifier which ' clips· th , . 
portion of the wave. Develop the resulting portion of the function e negative 

u(t)::; . · · 2 T ' (r = 2;) ' :. 
Esinwt, whenO<t<-

2 
{

o,_ when _-!<t<O • · • 

. . .• .. . ; . . ' \ ..... ; ·•· ' 

A 
E E . . 2E r· 1 . . - I . . . . - , 1 . · ] 

ns. -+-sm wt - - -cos 2w t +-cos 4 wt +-cos 6mt + 
1t 2 1t 1.3 3.5 . ·5.7 ... 

8. A periodic square wave has a period 4,- The function ·generation the square is · · 

{

o for - 2 < t < -1 

JO)= k for -l<t<l 

0 for 1 < t < 2 

Find the Fourier series of the function A /( ), k 2k [ - nt 1 3itl + ] • ns. t = -+- cos---cos- ... 
9 F' d 2 1t 2 .. 3 . 2· 

~ m a _Fourier series to represent.x2 in the interval .(-/,/) .. ' . . . .. , ., • 

. . 12 4/2 [ cos 7tX cos3JU] 
Ans.--- cosru:--+-Z 
. 3 7t2 . 22 3 

H•Sfi PARSEVAL'S FORMULA 

J)!(x)]
2
cb:= c{½a2

0 + t(a; +b;)} 

... (1) a - ( We know that f (x ) = .....Q. + °"" a mtx . mu:) 2 £.. . cos-+b s10-
n=1 C n C 

Fourier - Series Half Ra . nge Fourier Sine and Cosine series 

oltipiying (1) by /(x), we get · . 
tJ a " . , . 

[/(x)]
2 

= ; f(x)+ Li~nf(x)cos~+ ~bf( ) • n7tX 
n•I C £.. n X S10 

b fi 
n• I C 

grating term Y tenn rom -c to c we hav _ inter . , e ... , .. ~ .. , ,. 

f c ( 2 a0 Sc " 
_,Cf x)] dx = 2 _J(x)dx+ I,anr f(x)c~s mrx dx 

n• I -c C 

°"" f" n1tX . + £,,.b. _J(x)sin-dx 
n2J C 

In a rtl
. ~l~ i O.11, we have the following results · · 

[f(x)dx=·c ~
0

' 

S
c n1tX 

f(x)cos-dx=ca 
-c C n 

x sm-dx=cb ·sc f( ) . n1tX 
-c C " 

This !s .,the PB!seval 's .fonnilla 

· Note. 

1. IfO<x<.2c, then r~f(x)]1dx=,c[
0

; +t(an
2 +b})] 

2. if o < x < c (f!alf range sin'. serios), J: [/(x)]' d< C H ";' + t. j_, ] 

3. ·ff~ ~ .x ~ ~ (H~lf rang~ -~ine series), f:[f(x)]
2 

dx ~ ~[tb}] 

• . I 

- ·{S)J(x)]2 dx}2 
4. R.M.S. - b -a 

j ·, · · ' .· · fi J( ) - J in o < x < ir show that 
HrrnwD!SJII By using the serze~ or X - . . ' . \' : . . ' 

7t
2 

-1+_!_+_!_+_!_1 + ... 7- 31 51 . 7 

Solution. Sine series isf(x) = 'f.bn sin nx . 

bn =I [f(x)sinnxdx 
7t 

2 " 2(-cosnx)" 
=ifo (l)sinn.xdx==;-;- 0 

2 : -2 " I] ===-[cosnn:-lJ::;-[(-l) -
. . n1t 

.n1t 

. .. (2) 

... (3) 



~ ._g__ ❖❖ lntr~ction to Engineering a 

4 '•, 
:::: --=- .ifn is odd ·... · · ~ • 

n1t 
== o if n is even 

Then the sine series is 
4. · 4·3 4.5 4 1=-smx+-sm x+-sm x+-sin7 
7t ' .· , 37t . . (5~: •. 71t x+ 

J~[f(x)]2~ = =-[b/ +b/'+b/ +b/ +b/ + ... ] 
0 2 . 

r:(J)'d<=~[(~)' +(3:r ~(s:r ~C:)\ ... ] 
[x]~ =(%)(~~)[1_+ ;2 + 5\ + ; 2 ~--·] 

.,, 
, .. 

Hf1 11111rfJI If f(x) = {11:x, O < x < 1. 
11:(2--:x), 1 <x<2 

Proved, 

using half range · co;ine .se . . 
. rzes, show that , 

1 1 1 1t4 

y+ 34 + 54 + ... = 96 

Solution. Half range cosine series is 

f( ) 0 o mu: 
x =2 +:ra.cos­

c 

Ans. 

bfi,iHfiij Prove that for O < x < 11: 

(a) x(n-x) = ~-4[cos2x + cos4x + cos6x + ] 
. 6 . 12 22 32 .. 

(b) 
-( ) ·8 [sinx sin3x sin5x ] 

X 71:-X =- --+--+--+ 
• 7l: 12 • 32 52 .. 

Deduce from_ (a) ~nd (b) respectively··that·· 

-1 1t4 -1 7t4 
'(c) I,-=_:_ (d) I,6=- ·-

n=t n 4 
• , 90 n=I n . 945 - _' 

Solution. (a) Halr"ra~ge consine series 

2·J" . . . a.= - x(1t-x)cosnxdx 
1t 0 . . ]" 2 .sinnx - -cosnx· • -,-sinnx 

= ~[ (nx-x2)~-(~-2~{-n2-)~c-2{-n1-) 0 

2[· 7t(-1}" ' 7t] 2(7t) . =- o--i-+0-2 =- 2 [-(-1) -11 
1t n n. 7t n _ 

. , 



•t••♦• IIILIV'"'- · 

- •, 

Hence, 

By Parseval's fommla 

(b) ·Half range sine series 

21% b. = - x(1t-x)sinnxdx 
7t O ••• • 

= ~[(xx-x'>(-~snx )-(n ~2x)(-,:~ ~)~;-~)~J 
= ~[-2 (-1)" 2] 4 · o 

7t 7+ n3 = 1tn3 [-HY +I] 

8 
= n31t 

(w~ep n is odd) 
=O " 

x(n-x) =~[sinx + sin3x- sin5x' . -] · 
7t 13 33 +--+ 

By Parseval's formula . 53 ... 

. (where n is even) .. 

Proved, 

Fourier - Series Half R. , 
ange Fourie s· · · 

· 

4 

. . · r . me and Cosine Series ❖ ❖ Hf 
8 =~+(~+l+l ) n

4 
1[ 1 1 1 ] 960 2 46 66 + ... =-+- -+-+-+ ... 

4 960 26 16 26 J6 
S- 1t s . . 
--+-

960 64 
s 1t4 

S--=- ~ 63 S=~ . 
64 960 64 960 

1t4 64 4 , 
S=-x-- 1t 

960 63 - 945 

~ _!___ 1t4 
LJ 6-­
n=I n 945 

1. Prove that in 0_<.x < c, 

- C 4c ( · 1tX 1 3,rx 1 5 ) · · . . -x=--- cos-+-cos + nx 
. . _-· 2_ 1t2 ' c . J2 7 52 cos7+ ... _ and d~uce ~t 

I 1 1 :~. fc4 1 1 1 I 4 

(i) t + 34 +_ 54, + ... = 96 (ii). t+?"+:34' + 44 + ... = :o. -
mm F9uR_,:ER ~~ER_,es .,N COMPLEX FORM . 
' . . Fourief seiies of _a,_functi_Qnf(x) df period_ 2/ i~ 

ao' 1tX · 21tX mo: · · 
f(x)=-

2 
+a,cos-+a2 cos-+ ... +a cos-+ 

. ,.. [ [ n / . •·· 

Proved. 

• . nx . 27U' mrx 
+b1 sm1 +b2 sm-

1
-+ ... +b: sin-./-+... .. . (I) 

· · ' • · . ' 1-' · . • • ei.t+e-i.t · ei.t .:;,·e-a 
We know that ·cosx = -- and x = --

, · · 2 2i 

. On pu~ing the valu~s of cos X and sin X in (I), we get . 

Jru: 21,a -ira -2htt 

=c
0

7.c
1 
eT +c

2 
e1 + ... +c_1 eT +c~2 el:+ ... 

• a:, imtX a, -inn.t 

=c + °"c e1 +"c e1 
0 ~ n ~ -n 

n=l n=l · 

1 I · 
c =-(a -ib) c =-(a -ib) n 

2 
n n , -n Z n n 

h a 1 I Ju W ere c0 = ....Q. = -- J(x)dx 
. 2 2 / 0 
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